The electrical position of the heart with reference to the electrodes used in studying its field is unknown. For reasons presented. it is more likely eccentric; hence, the equation defining the field of an eccentric dipole in a spherical medium might be useful for projected experimental studies and for better understanding of the way in which a given electrical position determines the electrode potentials. A method introduced by Helmholtz was used for deriving the desired equation. It is discussed since its concepts are of considerable importance to other electrocardiographic problems, too. The more simple mathematical example dealing with the centric dipole in the sphere is discussed. The equation for the field of the eccentric dipole is given and data based upon it are presented in numerical and map form. The Helmholtz equation for the field in the spherical conductor produced by two small spherical electrodes arbitrarily located is also presented and briefly discussed.
from the apices of the triangle defined by the standard limb leads. It is, of course, obvious that these assumptions disregard the eccentric location of the human heart, which is, at least in the geometric sense, considerably nearer the left than the right shoulder, and much farther from the junction of the left leg with the trunk than from the right shoulder. It is also much closer to the anterior than to the posterior surface of the chest. The spatial relations suggest, therefore, that its field may resemble that of an eccentric dipole more closely than that of a centric dipole. For this reason it seemed to us that the equation which defines the field of an eccentric dipole in a spherical medium might prove useful in connection with a projected experimental study of the field established by connecting electrodes placed on the precordium of the living subject, or in the heart of a cadaver, to a current source.
So far as we know, this particular equation is not available in the literature, but equations which define fields similar to that under consideration are well known, and Helmholtz1 long ago developed a method by which all problems relating to the distribution of steady currents in a spherical conductor can be solved.
Helmholtz also gave the expression for the potential at any point in such a medium when the input electrodes are on its surface. We have employed this method to obtain the equation sought and this will be better understood if some account of the manner in which it leas derived is given. We take this occasion, therefore, to call attention to the importance of the article cited for those who are concerned with bioelectric phenomena, and to mention some matters discussed therein which have a bearing on electrocardiographic problems not directly related to our present subject. We may conclude, then, that when a current of a given magnitude i flows out of the heart through one of the.elements, a, of its surface and returns to the heart through another element, b, the resulting potential difference between two electrodes, one on each arm, is equal to the potential difference between a and b when a current i enters the body by way of the arm electrodes.
IMPORTANT PRINCIPLES BEARING ON
2. The Principle of Superposition. Let there be given a system of conductors within which electromotive forces are arbitrarily distributed.
The currents and the potential differences due to all these electromotive forces acting together are the same as those obtained by adding algebraically all the currents and potential differences that would be produced by the individual electromotive forces, each acting independently. And furthermore, the components, parallel to three mutually perpendicular axes, of the current flowing at a given point when all the electromotive forces are acting simultaneously, are each equal to the algebraic sum of the corresponding components when each of the electromotive forces is acting independently.
Such experimental evidence as is pertinent indicates that this principle is applicable to the electromotive forces generated by the heart. It is known, for example, that when the auricles and ventricles are activated simultaneously the auricular and ventricular deflections are summed algebraically, and that algebraic addition of the dextrocardiogram and the levocardiogram produces a replica of the bicardiogram.
3. The hypothetic method of finding the doublelayer specified by the theorem in a given case is described by Helmholtz somewhat as follows: Assume that conductor A with its internal electromotive forces is isolated from all others. Choose any element of its surface and measure the difference in potential between it and each of the other surface elements. On each of these other elements place a double layer so constituted that the potential of its outer surface with respect to that of its inner surface is the same as the potential of that element with respect to the potential of the reference element. The double layer obtained by this imaginary procedure is the one sought and we shall call it the specified double layer, and designate its potential function by the symbol P. Now the sign of the potential function of a double layer can be reversed at every point by reversing the positions of the positive and negative poles of its component dipoles. The potential function of the double layer which is the inverse (of that) of the specified double layer may then be represented by the symbol, -P. We shall call this double layer the inverse double layer. When it is substituted for the specified double layer all parts of the surface of conductor A will be at the same potential and no current will flow in the second conductor B, containing no electromotive forces of its own, when it is brought into contact with A to form the system AB. According to the principle of superposition we may say, then, that at all points of the conductor B the potential function (-P) of the inverse double layer is equal in absolute magnitude and opposite in sign to the potential function (W1) of the interior electromotive forces of A. We have then the equation, W1-P = O. or W,=P (1) which states that when the internal electromotive forces of A and the inverse double layer are acting together in the combined conductor AB there is no field in B, and that the specified double layer acting alone upon AB would produce in B currents and potential differences identical with those that would be produced by the internal forces of A acting alone upon the same system. Consider now conductor A before, and again after, it has been brought into contact with B to form the system AB. Let }V0 be the potential function of the internal forces of A at any point of At before this conductor is brought into contact with B, and W1, the potential function of these internal forces at the same point after A has been brought into contact with B. The inverse double layer prevented any flow-of current in B when it was brought into contact with A, and consequently, the effect of this double layer and the internal forces of A acting together upon the system AB produced in A the same field as the interior forces of A acting alone upon A before it was brought into contact with B. Hence, we have the equation, WO = W, -P, or W, = WO + P.
(2) which states that the currents and potential differences in A after it has been brought into contact with B to form the system AB are the algebraic sums of the currents and potential differences produced in A, before it was brought into contact with B, by its internal forces alone, and the currents and potential differences produced in A, after it was brought into contact with B, by the specified double layer acting alone.
It is clear that the only part of the double layer, specified or inverse, that is essential to the argument is that which lies on that part of the surface of A subsequently brought into contact with B. Helmholtz pointed out that when the latter is a network of linear conductors which is brought into contact with A at only two points, P1 and P2, the volume conductor, so far as any observations on B are concerned, may be replaced by a resistance R and a voltage E. The resistance R of A is measured between P, and P2, and E is the potential difference between these two points before A is brought into contact with B. If the electromotive forces of A are constant the inverse double layer in this case is equivalent to a battery with a voltage equal to the open-circuit potential difference between P1 and P2 and connected in such a way as to oppose this potential difference. The specified double layer is simulated by reversing (the contacts) of this battery.
In their recent book, Gardner and Barnes4 write in reference to this principle in the form in which it was stated by Thevenin: "When written, this theorem pertained to the directcurrent, steady-state behaviour of networks, but it has been generalized since to alternating currents and transients." This principle has a very important bearing upon many of the questions which arise in studies concerned with the electrical field of the heart. It makes it possible to predict what kind of changes in this field would result if a part of the heart's surface were short-circuited or insulated from the neighboring tissues, or if part or all of the body were immersed in a conducting field. It shows that the voltages acting in the standard limb leads, taken one at a time, are always the open-circuit potential differences between the limb electrodes, even when these leads are taken with a low-resistance instrument, such as a string galvanometer. It is the principle upon which is founded Einthoven's law that the algebraic sum of the deflections in Leads I and III is equal to the deflection in Lead II. Helmholtz discovered the principle and confirmed it experimentally before Einthoven was born by showing that such a law held for a field generated in a lump of carbon, but it is quite certain that Einthoven was never aware of this earlier work. Neither the principle nor the law is valid when the circumstances are such that bringing the conductor B into contact with A results in a flow of current through a polarizable element and consequently in a counter electromotive force.
Helmholtz made this observation in one of his experiments in which the volume conductor was a solution of copper sulfate in a glass vessel. 
The first of these equations gives the potential at any outside point, and the second the potential at any inside point, when R is the radius of the spherical surface, r is the distance of the outside point or inside point, as the case may be, from the center of this surface, F is almost any continuous function, and 0 and 4 are the angles which define the direction from the origin of the point at which the potential is to be evaluated. Helmholtz showed that by differentiating
Equations (3) and (4) Assume that the potential function (W) of a given electromotive force is known when the conductor in which it exists is infinite and homogeneous. The problem is to find the double layer, that, located on a spherical surface of given radius surrounding the site of the known electromotive force, will have the same potential function as this force at points outside the surface on which it lies. It is clear that if such a double layer can be found, the inverse double layer will cancel that part of the field of the given electromotive force which extends beyond the spherical surface. The currents and potential differences inside this surface will then be the algebraic sums of those determined by the potential function of the electromotive force and those determined by that of the inverse double layer. For points outside the spherical surface we have then the equation: 
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Consequently,
where c is an arbitrary constant. Having found F(U) we can find F(V) and finally 8, the potential inside the spherical surface, from the equations,
and S = 2
As an illustration of the procedure involved, In this expression, R is the radius of the spherical conductor, a its specific conductivity, fiR and f2R the distances of the input electrodes S and S' from the center of the conductor, f3R the distance of the point p from the center of the conductor, -yl, the cosine of the angle between the radius vector to S and the radius vector to p, and 72 the cosine of the angle between the radius vector to S' and the radius vector to p. When fi and f2 are each equal to 1, this equation reduces to that given by Helmholtz.
The last term in the second member of Equation (18), and the same term in Equation (19), represent the value of the integral in Equation (8) when U is equal to zero. No corresponding term occurs in the equation for the centric dipole, Equation (20) , or the equation given by Helmholtz, for in these cases the integral vanishes when U becomes zero. In the case of the eccentric dipole this integral must be regarded as a definite integral with the upper limit U and the lower limit zero.
It will be observed that Equation (18) does not, as might be expected, reduce to the equation for the centric dipole when f is replaced by zero; for, when this is done, the last two terms of the second member appear to become infinite (note that X1 and y are not defined when the dipole is centric) and their sum takes the indeterminate form zero divided by zero. By the proper methods of finding the limiting value of such indeterninate expressions, it can, however, be shown that as f approaches zero the sum of the twelve terms of the secondmember of Equation (18) approaches as a limit the second member of Equation (13).
The expressions which give the potential at the ends of that diameter of the spherical medium which passes through the eccentric dipole are of simple form. For the end of this diameter which is nearer the dipole, the po- 
In these last two equations, 0 is the angle between the axis of the dipole and the diameter specified.
obtaining information as to the possible effects of the heart's eccentric position upon the deflections in the standard or unipolar limb leads. It is, however, more particularly helpful in connection with the analysis of the results obtained in experiments in which an electric field is set up in the body by connecting two electrodes in contact with it to a current source. In the discussion of electric fields that are to be compared with that of the heart it is desirable, because of the conventions that have been VL, and VF, I, 11, and III have the significance attached to them in discussions of the electrocardiogram. The potentials of the apices of the triangle and the differences in potential between them were computed for two positions of the dipole axis: the horizontal position, H, in which the axis is parallel to the X-axis; and the vertical position, V, in which it is parallel to the Y-axis. The moment of the dipole is taken as unity. The direction cosines given are with respect to the axes specified. In Example (a) the eccentric dipole is at the center of that side of the equilateral triangle which corresponds to Lead I. In Example (b) it is on the positive X-axis; in (c) it is on the line from the origin to the L apex; in (d) it is on the Y-axis below the origin; in (e) it is on the Z-axis at the posterior surface of the spherical conductor. For comparison, the data for a centric dipole (f) of unit moment are added at the end of the table.
In figure 1 the data contained in uring the potential differences between the three electrodes. In the hypothetic cases under consideration the true potentials of the electrodes are given for the two positions of the electrical axis. Consequently, the origin, 0, in the triangles of figure 1 represents a point in the field which is at zero potential. The lengths of the lines from this point to the apices of the triangle and from one apex to another are equal to the difference in potential between the two ends of that line when the axis of the dipole is parallel to it. When the volume conductor is homogeneous and spherical, the dipole is centric, and the electrodes are on the surface of the conductor, the Burger triangle has exactly the same shape as the geometric triangle defined by the three lead electrodes. Under other circumstances, the shape of the former varies not only with the locations of the lead electrodes, but also with the shape, size, and nature of the volume conductor, and the site of its internal electromotive force. Figure 1 and table 1 show that changes in the shape of the equilateral Burger triangle which depicts the field of a centric dipole in a spherical medium (f) produced by shifting the dipole to an eccentric position are in essence quite simple. When the dipole is moved toward the center of a given side of the triangle (a) that side becomes longer than the other two; when it is moved toward a given apex, Examples (c) and (d), the two sides of the triangle meeting at that apex become longer than the third side; when it is moved in a direction perpendicular to and away from the plane defined by the lead electrodes, Example (e), all of the sides of the triangle shorten to the same extent. Other displacements of the dipole may be considered combinations of these three. Triangles (a), (c), and (d) of figure 1 are isosceles. In (a) the horizontal side is longer; in (d) it is much shorter than the other two sides. In (c) the side corresponding to Lead II is shorter than those which correspond to Leads I and III. It may be pointed out that Burger triangles identical with these in shape could be obtained by shifting the lead electrodes instead of the dipole. If this were done, it would, however, be necessary in case (a) to locate these electrodes in such a way as to place the centric dipole outside the geometric triangle formed by the three leads.
SUMMARY
Attention is called to the importance of the contribution made by Helmholtz to our knowledge of the distribution of electric currents, particularly bioelectric currents in volume conductors.
The equation which defines the potential function of an eccentric dipole in a homogeneous spherical medium is presented and discussed.
It is hoped that the equation will prove useful in connection with the analysis of the results of experiments in which an artificial electric field is established in the trunk by connecting electrodes placed on the precordium of a living subject, or in the heart of a cadaver, with a current source.
